Am. J. Physiol. 1g8(6) : I 1g3--1200. 1g6o.-Two theories are applied to measurements of the decrease in apparent viscosity of blood in narrow tubes (FahraeusLindqvist effect) . First, the effect may be attributed to the presence of unsheared laminae in the fluid (sigma phenomenon), and it was found that the thickness of such laminae must vary between 3.5 p at 10% hematocrit and 34 p at 807& Alternatively, the effect may be caused by a cell-free marginal zone adjacent to the tube wall, which would have to be 6 p thick at 10% hematocrit and I .5 p at 80%. There is a slight suggestion in the data that the effect may be reversed as the flow rate approaches zero (i.e. the apparent viscosity rises in small tubes). Finally, a method is proposed for calculating the effective diameter of a vascular bed, and it was found to be 55 ~1 for a dog's hind limb.
F AHRAEUS AND LINDQVIST (I) were the first to study the effect of the radius of the tube used in measurements of the apparent viscosity of blood. They found that the apparent viscosity at high flow rates is reduced in tubes of radius less than about 0.2 mm. A similar effect had been demonstrated previously by Bingham and Green (2) in paint, and it is now realized to be a general property of suspensions whose particles are the order of a micron or more in size. However, with special reference to the phenomenon in blood we shall call it the 'FahraeusLindqvist effect.' The theories discussed in this paper apply to tube radii about 25 p and greater; however, in tubes of capillary dimensions the conditions for plug flow are present (since the red cell diameter and tube diameter are approximately the same) and the special problems that arise in this region will not be considered here. Unfortunately, the basic mechanical problem of the behavior of a large number of colliding particles suspended in a liquid in steady flow through a cylindrical tube has not been solved, and indeed, it may well be insoluble even statistically (3, 4) . Thus, the theories that have been proposed to account for the effect of tube radius on the viscosity of suspensions are phenomenological in character, and are based on qualitative models designed to approximate the effect of the particles in suspension.
There appear to be only two such theories that can be used in the analysis of the Fahraeus-Lindqvist effect; one is based on the existence, in steady flow, of a marginal zone at the tube wall which is presumed to' have a lower viscosity than the rest of the fluid; the other is based on the existence of unsheared laminae in the fluid which arise from the presence of particles of finite size. Both of these theories can be used to account for the Fahraeus-Lindqvist effect in blood (5, 6); in each case the equations have essentially the same form and the difference arises primarily in the way a certain parameter is interpreted.
Neither theory grossly offends one's physical intuition, and it seems probable that both postulated mechanisms are present, although it is difficult to decide their relative importance.
From the experimental standpoint, Taylor (7) has made direct optical studies of a marginal zone that is, on the average, particle-free, and whose existence could be explained on the basis of the axial accumulation of the red cells (8, 9). On the other hand, there is no doubt that the red cells possess sufficient rigidity to resist the local shearing stress and thereby give rise to finite unsheared laminae in steady flow.
One of the first marginal zone theories was proposed by Schofield and Scott Blair (IO) who postulated the existence of a lubricating layer at the wall whose thickness was independent of tube radius and which had a lower viscosity than the fluid nearer the tube axis. In the analogous theory used in this paper, the marginal zone will be assumed to be a cell-free layer of the suspending fluid (or plasma) whose thickness is likewise independent of the tube radius. The other theory was proposed originally by Dix and Scott Blair (I I) and is called the theory of the 'sigma phenomenon' because the existence of the unsheared laminae implies that the flow must be calculated 'by a summation (x) rather than an integration.
In this paper, both the marginal zone and sigma On this basis the total flow from the tube should not be calculated by an integration of the contributions from an infinite number of coaxial laminae, but rather by a summation of the contributions from a finite number of laminae of finite thickness. In this model the rate of shear across the laminae is assumed to be zero, while the rate of shear between the laminae is assumed to be infinite; thus the velocity profile becomes a 'staircase' approximation to a parabola rather than a smooth curve. The summation procedure for the sigma phenomenon will be referred to as the 'discontinuous' model, as opposed to the usual 'continuous' model. The transition from the discontinuous to the continuous case occurs in the limit 6/R --) o, where 6 is the thickness of the finite laminae and R is the tube radius. Thus, the equations and parameters that occur in the discontinuous model should be such that they reduce to the ordinary continuous results under this transformation. In the continuous case, the general equilibrium condition in steady flow between the inertial force resulting from the applied stress, and the tangential stress resulting from the viscous drag between the shearing laminae, is given in the usual derivation of Poiseuille's law by,
where P is the applied pressure gradient, r is the radial distance from the tube axis, r) is the coefficient of viscosity, and du/dr is the velocity gradient (or rate of shear). The volume rate of flow through the tube, Q, is obtained by integrating across the velocity profile u(r), and after an integration by parts and substitution for du/dr from equation I, the flow can finally be written in the form, 0 2 where q=( a) denotes the apparent asymptotic viscosity (i.e. viscosity at high flow rates) in a tube of large radius. For blood and similar suspensions, the apparent viscosity depends on both the rate of shear and the tube radius except, of course, at high shear rates and in large tubes. Hence, the only coefficient of viscosity that could be considered to be independent of r and so taken outside the integral is T~( 0~ ). It should also be noted that it was not necessary to specify the particular form of the velocity profile and so this equation is valid for both non-Newtonian and Newtonian fluids. To generalize equation 2 to the discontinuous case, we assume that the fluid flows in N concentric laminae of thickness 6, such that N6 = R and n6 = r, where n = 1,2,3,... i\'. Thus, the integral in equation z should be written as the summation,
This can be summed using the formula for the sum of the cubes of the first X integers, and then substituting N = R/6 and simplifying, it becomes, Marginal zone theory. In this model, one assumes the existence of a marginal zone of thickness E which is independent of the tube radius. The viscosity in the marginal zone is that of the suspending liquid, and will be denoted by vR. The viscosity of the suspension in the central region of the tube is assumed to be constant and equal to the apparent viscosity of the suspension as a whole in a tube of infinite radius, i.e. vZ( = ). Thus, because E is independent of R, the presence of the marginal zone has little effect in tubes of large diameter, but it reduces the apparent viscosity in tubes of small diameter.
It can be shown by a direct application of Poiseuille's law to the marginal and central zones that the total flow under such conditions in a tube of radius R is given by,
and so the apparent viscosity, to the first order in I/R is,
Equations 5 and 7 both have the same form to the first order in I /R and so the experimental data can be explained to first order accuracy by either the sigma phenomenon or the marginal zone effect. The relation between e and 6 can be obtained by equating the coefficients of I/R from each equation, viz.
The fact that 6 and E depend upon the total hematocrit H has been indicated in equation 8.
Apjdication of theory to experimental data. It was shown in a previous paper (I 2) that the pressure-flow curves of human erythrocytes suspended in standard acid-citratedextrose solution can be represented by an equation of the form,
where A4 is the slope of the linear segment of the pressure-AOM: curves, and is a function of both the hematocrit H and the tube radius R; B is the nodal point on the negative flow axis and depends only on the tube radius; and k is an empirical parameter which characterizes the nonlinear portion of the curves and depends on both H figure I by the vertical bars on the asymptotes, and in figure 3, as a function of hematocrit. The lack of scatter in this graph results from the exponential interpolation used to obtain particular values of M from the experimental curves (12) .
In figure 4 the best-fit values of 6(H) are plotted, and also the corresponding values of E(H) as given by equation 6. The general features of these curves can be explained in terms of the theoretical models to which they apply. Thus, one would expect the effective value of 6 to increase with hematocrit, since there would be a greater probability of unsheared cell clusters being formed, and these would tend to have both a larger size and longer 'life-time' as the number of cells per unit volume increased.
On the other hand, axial accumulation is necessarily restricted as the cells become more closely packed, and so one would expect a corresponding decline in the marginal zone thickness with increasing hematocrit. Furthermore, it would appear from figure 4 that e approaches an asymptotic value of I .o ~1 at high hematocrits, and this could be interpreted simply as a 'wall effect' or 'effective slippage zone.' The ranges of variation of 6 and c over the hematocrit range I 0-80 % differ considerably: 6 changes by a factor of IO, whereas c changes only by a factor of 4. The fact that the variation of c is small over a wide range of hematocrits is undoubtedly a strong point in favor of the marginal zone hypothesis. It is of interest to know the tube radius at which it might be said that the Fahraeus-Lindqvist effect first manifests itself. This requires the adoption of some arbitrary criterion for the onset of the effect. The radius at which the apparent viscosity is IO % less than the asymptotic value in large tubes seems to be quite suitable for this purpose, since such a viscosity change, while not large, is still not so small as to pass undetected or to be without physiological significance. This radius will be denoted by R 10, and it can be calculated from equation 5 which gives, figure 5 , from which it is clear that the marginal flow in a tube of radius RIO remains close to I 3 % of the total flow over quite a wide range of hematocrits (30-80 %) ; furthermore, the same criterion holds reasonably well for Kiimin's data despite the difference in the value of RIO itself.
Efect of very 1owJIow rates. So far in this paper only the dependence of the apparent viscosity on tube radius at infinite flow rates or shear stresses has been discussed. The question that now arises is whether or not the Fahraeus-Lindqvist effect persists at very low flow rates; in other words, how does the function behave as the shear stress Pl?/:! approaches zero? It is difficult to give a confident answer to this question on account of the scatter in the data that is presently available; however, upon extrapolating to zero shear stress (PR/ 2 + o), it would appear that there is a reversal of the Fahraeus-Lindqvist effect in the region of very low flow rates.
It can be shown from equation g that the apparent viscosity at any shear stress in a tube of radius R is given by I/~(R) = I/~,(R) -8B(1 -e-kp)/nPR4 (13) As the shear stress increases the second term approaches zero. The apparent viscosity at vanishing shear stress (i.e. P --) o) is given by,
The values of qo(R) for four tube radii and 40 % hematocrit .are plotted semilogarithmically in figure 6 , together with the corresponding curve of T-(R) taken from figure I. The plotted points are best-fit extrapolations of the data, that is, in calculating .r)o(R) from equa- tion '4, the values of q,(R) were read off the theoretical curve, and similarly the values of B and k were taken from the smooth curves that best fit the experimental data (12) . It should also be remembered that in writing down equation 14 it is implicitly assumed that equation g is valid in the limit P ---) o. However, bearing in mind both the experimental and theoretical uncertainties, it would appear from figure 6 that at vanishingly small flow rates the apparent viscosity of blood rises in small tubes; that is to say, there is a reversal of the FahraeusLindqvist effect .
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The effect of hematocrit on the function TO(R) is analogous to its effect on q&R) : the higher the hematocrit, the greater is the viscosity increase in small tubes. At intermediate shear stresses (the order of I-I o dynes/ cm), the Fahraeus-Lindqvist effect is indeterminate; that is, there is no unique crossover value of HZ/2 for which the viscosity is a constant independent of R, and so in this region the function q(R) oscillates. A more detailed mathematical discussion of this problem can be found elsewhere (I 5), and so for the purposes of this paper it is sufficient to note that the possibility of a reversal of the Fahraeus-Lindqvist effect can be predicted from the fact that the second term in equation z4 is negative; the extent of the reversal depends upon the way in which the exponential constant k varies with tube radius.
Hematocrit dependence and the e$ective radius of a vascular bed. The apparent asymptotic viscosity can be plotted as a function of hematocrit for various tube radii; such a plot for infinite radius is shown in figure  3 , which indicates that viscosity increases exponentially with hematocrit.
Similar plots for the four tubes used in the original measurements, and a detailed discussion of the hematocrit dependence have already been published (12, 15) , so that only a brief summary of this aspect of blood rheology will be given here. The problem of accounting for the shape of the viscosity-hematocrit curves is just a particular case of the more general problem of the viscosity-concentration relations of suspensions, which has been reviewed reccntly by Frisch and Simha (I 6). This is a very difficult problem that has been solved only for extremely dilute suspensions. There are t hree concentration regions that are characterized by th e relative importance of interparticle effects in each region. First, there is the extremely dilute suspension in which the apparent viscosity is made up additively from the contribution of each of the suspended particles, between which there is no interaction, so that each behaves as though none of the others were present. The second region is that of the dilute suspension in which the departure from additivity introduced by the hydrodynamic interactions between the particles can no longer be considered figure 4 were obtained on the assumption that the sigma phenomenon and the marginal zone effect are mutually exclusive, and so one must choose either one expl fortunately, each theory can .ana be tion or the other. Uncriticized a .s being unrealistic in some respects, but neither can be rejected outright.
For example, it is hard to. accept the large variation of 6 with hematocrit; but at the same time, the sharp boundary of the marginal zone and the assumption that the core viscosity is independent of the core radius seem equally untenable. However, these difficulties can be resolved to some extent since the two theories are not in fact mutually exclusive, and it is possible that both effects are present simultaneously. Thus, the theories can be combined by assuming that the marginal zone is somewhat thinner than that shown in figure 4 , and that the sigma phenomenon occurs in the core.
For example, if the marginal zone is assumed to be
